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ABSTRACT

The rate determining step of a number of biological processes is now known to be described by Contois
growth kinetics. In particular this growth rate has been found to describe the treatment of contaminated
wastewaters containing biodegradable organic materials from a variety of industrial processes. The effi-
cient treatment of such waste materials is of ever growing environmental concern. This contribution is
the first steady-state analysis for the treatment of industrial wastewaters, obeying Contois kinetics, in
a cascade of continuous flow bioreactors without recycle. The steady-states of the model are found and
their stability determined as a function of the residence time in each reactor of the cascade.

Asymptotic solutions are obtained for the effluent concentration leaving a cascade of n reactors for two
scenarios, in which it is assumed that the reactors in the cascade have the same residence time. In the
first scenario the limiting case of large total residence time (7}) is considered. The effluent concentration
leaving the reactor (S;) is found to be given by S ~ (1/7*"), when n = 1, 2, 3 and 4. It is conjectured that
this relationship holds for all n. Thus, for a fixed total residence time increasing the number of reactors
in the the cascade has a dramatic effect on the quality of the wastewater leaving the cascade. In the
second scenario, the limiting case when the total residence time is slightly larger than the washout point
is considered. In this region, a small increase in the total residence time leads to a large decrease in the

effluent concentration.

These results are illustrated by considering the anaerobic digestion of ice-cream wastewater.

© 2009 Elsevier B.V. All rights reserved.

1. Introduction

We analyse the steady-state behaviour of a reactor cascade,
without recycle, containing N reactors. We find the steady-state
solutions, determine their stability and obtain asymptotic solu-
tions in the limit of high residence times. The principle application
that we have in mind is the treatment of industrial wastewaters.
Although there exists detailed models for wastewater treatment
kinetics, such as the IWA ASM model [1], we use a simple two-
variable empirical kinetic model in which the degradation of a
biodegradable organic material is given by the Contois expression
[2]. It is not the intention of this paper to suggest that the Contois
expression is per se superior to the Monod expression. Instead our
choice of the Contois expression is motivated by a number of exper-
imental investigations, detailed in Section 1.1, in which this kinetic
model was found to accurately describe the processing of certain
industrial wastewaters.

In an earlier paper we investigated the behaviour of a single
reactor, possible including recycle, in which the degradation of the
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substrate was controlled by a Contois expression [3]. The objectives
of the current paper are to extend the process model to a cascade
of reactors without recycle. Specifically we consider cascades hav-
ing either two, three or four reactors. In Section 1.3 we provide an
overview of the mathematical analysis of cascade reactors. It should
be noted that the emphasis in this paper is the determination of
the steady-state solutions, and their stability, of a cascade without
recycle. The emphasis is not on the optimisation of a cascade. Of
course, explicit formulae for the steady-state solutions of a cascade
provides the foundations from which optimisation problems can
be investigated. Such an investigation is outside the purview of the
present contribution.

1.1. Contois growth kinetics

Many industrial processes, particularly in the food industry,
produce slurries or wastewaters containing high concentrations
of biodegradable organic materials (pollutants). For example,
the production of slurries is a feature of large pig and poultry
farms and other operations involving animal production. Before
the slurry/wastewater can be discharged the concentration of
the biodegradable organic pollutant must be reduced. One way
to achieve this is to pass the wastewater through a bioreactor
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containing biomass which grows through consumption of the pol-
lutant. Anaerobic conditions are often favoured for the processing
of waste materials with high levels of biodegradable organic pollu-
tants as these can be removed with low investment and operational
costs [4].

The Contois growth model, Eq. (3), has been found to describe
the aerobic degradation of wastewater originating from the indus-
trial treatment of black olives [5], the aerobic biodegradation of
solid municipal organic waste [6], the anaerobic treatment of dairy
manure [7-9], the anaerobic digestion of ice-cream wastewater
[10], and the anaerobic treatment of textile wastewater [11].

Within the confines of a more detailed kinetic model it has been
shown that experimental data for the processing of cattle manure,
swine waste, sewage sludge and cellulose (the last two in anaer-
obic digester’s) can be accurately simulated by assuming that the
hydrolysis kinetics are governed by Contois kinetics [12]. In fact, the
Contois growth rate has been used as a default growth-rate model
in simulations of the cleaning of wastewaters by microorganisms
[13].

The Contois growth expression has also been found to model the
anaerobic reduction of sulphate by a sulphate-reducing bacteria
[14]. This procedure has application in the cleaning of sulphate-
containing industrial effluents and in the cleaning of acid mine
drainage.

In[7,8,10-12,14] the Contois growth model gave predictions that
were in excellent agreement with experimental measurements. In
some cases the Contois model was shown to give better agreement
with data than other growth rate expressions [7,10,11,9,14]. What
types of processes can be accurately modelled by Contois kinet-
ics? Harmand and Godon [15] have proposed that the macroscopic
behaviour of attached biomass bioreactors will be better described
by growth rate laws that are a function of the ratio of substrate
to biomass (S/X), such as the Contois expression, than growth rate
laws that depend only upon the substrate concentration, such as the
Monod expression. To support this position they provide a mixture
of qualitative reasoning, literature data and numerical simula-
tions. It is proposed that in compartmental models ratio dependent
growth laws, rather than biomass-independent growth laws, better
‘reflect’ the underlying environmental heterogeneity. Accordingly,
they are better able to mimic the effect of mass-transfer limita-
tions, such as diffusion into biofilms and circumstances in which
substrate consumption is controlled by biomass diffusion.

Finally, we note that there is a similarity between the con-
sumption of a resource by an organism (microbiology) and the
consumption of a prey by a predator (population ecology). Jost
[16] explored the use of ‘growth-rate’ functions containing organ-
ism/predator dependence in microbiology and population ecology.
The equivalent of the Contois model in population ecology is the
radio-dependent model introduced by Arditi and Ginzburg [17].

1.2. Model assumptions

Wastewater from the food industries contains a complex mix-
ture of biodegradable organic materials, such as fresh and partially
decomposed food scraps and crop-residues, that may be in suspen-
sion or dissolved. Lumping these into a single substrate species, and
the variety of microorganisms existing in the biological reactor into
a single microorganism, is a convenient mathematical approxima-
tion. Formally, the use of a model containing a single substrate and
a single microorganism can be justified if the overall process kinet-
ics are controlled by a process-rate limiting step. The work cited
in Section 1.1 suggests that in some cases this provides a reason-
able approximation to an undoubtedly more complex process. In
[12] the slowest step in the anaerobic digestion with suspended
or dissolved wastes is identified as the hydrolysis of solids or the
methanogenesis.

It has been suggested that the Contois specific growth rate accu-
rately describes experimental data when mass-transfer limitations
ensure that the underlying kinetic process is restricted by the avail-
able surface area. The Contois specific growth rate, Eq. (3), can be
written in the equivalent form

~ /X
W= Hmax \ 75/ )

This reformulation shows that as the population density of biomass
increases the growth rate of any particular microbe decreases, due
to an an increasing obstruction to substrate uptake. In the limit of
large biomass concentration the Contois growth rate reduces to

M~ maxS/(KsX),

indicating that the limiting factor is the surface area of the particu-
late substrate. Examples where the Contois model is interpreted as
a surface limiting process include [18,19,12].

In Eq. (2) the term —k X represents a combination of first-order
processes. These include endogenous respiration, predation, and
cell death and lysis [20].

1.3. Cascade reactors

In this section we provide a brief discussion of the literature
relating to the mathematical analysis of cascade reactors. The prob-
lem of optimising the design of a cascade of bioreactors has been of
interest since the early 1960s. In earlier papers the emphasis was
on investigating the steady-state solutions of the system [21,22]. In
latter papers the emphasis has been on the optimisation of the cas-
cade design [23-29]. In the papers discussed in this section, unless
otherwise stated, the biological process was modelled using Monod
kinetics.

Herbert [21] comprehensively analysed the behaviour of two-
reactor single-stream and multiple-stream cascades assuming that
there was no death of the microorganisms. For both reactor config-
urations he found expressions for the steady-state solutions of a n
reactor cascade. Regarding single-stream cascades he stated that

“there will seldom be much practical advantage in using more
than two stages, so far as quantity production of cells is con-
cerned. On the other hand, further stages might be important in
obtaining cells of a desired quality...” ([21, p. 33])

Regarding multi-stream systems he stated that

“The great flexibility of multi-stream systems, combined with
their stability and the ease of operation at high flow-rates make
them superior to single-stream systems in all respects.” (|21,
page 41])

In particular, he showed that at identical residence times, a
higher product yield was achieved and a more efficient use of
substrate was seen in a multistage continuous system. Herbert’s
perspective was that of a microbiologist and his ‘objective func-
tions’ were the reactor productivity and the effective yield. In his
analysis he assumed a zero death-rate.

Powell and Lowe [22] investigated the behaviour of a cascade
of N reactors of equal volume with recycle between the final and
first reactors of the cascade. They showed that N is increased, the
behaviour of the system approached that of an ideal tubular fer-
menter with plug flow. The critical value of the residence time,
above which washout does not occur was found. It was assumed
that there was a zero death-rate.

Bischoff [23] investigated the optimisation of a single-stream
reactor cascade containing two reactors. The objective function was
to minimise the total residence time for a specified conversion. It
was assumed that there was a zero death-rate.
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Erickson and Fan [24] considered the optimisation of a N-reactor
cascade (N = 2 or 3) with recycle with a non-zero death rate. They
considered two objective functions. The first was to minimise the
total reactor volume of the cascade given a desired effluent concen-
tration. The second function included two terms: one accounting for
the cost of the organic waste being discharged and one accounting
for the cost of the total reactor volume of the cascade.

Erickson et al. [25]considered the optimisation of a N-reactor
multi-stream cascade with recycle and a zero death rate. Each reac-
tor contained two stages: a mixing stage and an aeration stage. The
influent entered into the mixing stage, it was assumed that there
was no reaction in this stage. Thus the cascade contained 2 N reac-
tors. The objective function was, given specified concentrations of
the organisms and substrate in the recycle stream, to find the allo-
cation of the influent into the mixing tanks and the distribution of
reactor volumes so that the total volume of the reactor cascade is
minimised. This process was carried out for N = 2, 3,4 and 5.

Grieves and Kao [26] considered a multi-stream reactor cascade
with three reactors and a non-zero death rate. The objective func-
tion was to maximise substrate utilisation by varying the reactor
volumes and the feed input distributions.

Grady and Lim reviewed the theory of reactor cascades without
recycle [30], and with recycle [31] from the perspective of biologi-
cal wastewater treatment. Their review included the use of a single
feed stream and multiple feed streams. They investigated the opti-
misation of reactor design from two points of view: the minimum
effluent concentration that can be obtained from a specified total
volume and the minimum reactor volume that is required to deliver
a specified effluent concentration.

Braha and Hafner [32] develop a graphical technique that can be
used to analyse data obtained from a cascade containing upto four
reactors, possible including recycle from the fourth to first reac-
tor. Assuming that the death rate is zero, the technique provides
estimates of the biokinetic parameters in the Monod expression.
More detailed, and accurate, approaches to estimating the bioki-
netic parameters, and other relevant parameters, are outlined by
Grady and Lim [30,31].

Hill and Robinson [27] investigated the minimum residence time
required to achieve a specified substrate conversion as a function
of the number of tanks in series for systems governed by Monod
kinetics, substrate inhibition and product inhibition. For the major-
ity of cases considered, little reduction in the minimum residence
time was achieved by increasing the number of tanks over three.
Three reactors in series, when optimised, gave a performance at
least comparable to, and often superior to, a plug flow reactor.
The benefit obtained by optimising the system was lower for sys-
tems subject to substrate inhibition, compared to systems subject
to Monod kinetics, and higher for systems subject to product inhibi-
tion. However, in both cases the change was “not all that great” ([27,
p. 822]). Relative to the case of Monod kinetics both substrate and
product inhibition increases the minimum residence time required
to achieve a specified conversion. Finally, it was shown that the
use of reactors with equal size generally causes the total residence
time required to achieve a specified conversion to increase sharply;
this is most noticeable when the cascade contains three, or more,
reactors.

Scuras et al. [28] present a general procedure to determine the
optimum reactor configuration for a range of influent and effluent
substrate concentrations, half-saturation coefficients, and number
of tanks in series for both inhibitory substrates, obeying Andrews
kinetics, and non-inhibitory substrates, obeying Monod kinetics.
The objective function is to minimise the quantity of biomass in
the cascade to achieve a specified effluent concentration. The jus-
tification for this choice of objective function is that reducing the
biomass concentration lowers the biomass flux into the sedimen-
tation basin which in turn reduces the required settling area. The

benefits of staging increased when there is either a high influent
substrate concentrations and/or stringent discharge requirements.
It is concluded that three tanks in series is generally best and that
optimal tank sizing is significantly better than using tanks of equal
size. Relative to the requirements of a single reactor, staging can
reduce the biomass requirement by upto 20%. It is assumed that
the death-rate is zero.

Harmand et al. [29] investigated the optimisation of a two-stage
reactor cascade in which the design configuration may include two
feed streams (multi-stream flow) and/or a recirculation loop. The
objective function is to minimise the total volume of the cascade
given a specified conversion. The steady-state design problem was
solved for a generalised growth rate law. Special cases of this gener-
alised growth rate law include Monod kinetics, substrate inhibition
(Andrews kinetics) and product inhibition. (Only results for the
Monod case and substrate inhibition are presented.) It is assumed
that the death-rate is zero.

It was shown that the optimisation problem gives one of two
generic cases. In the first case the optimal reactor design is unique.
It does not use a recycle loop and all the feed stream enters the first
reactor. In the second case the optimal reactor design is non-unique
but consists of a class of systems having the same total volume. The
optimal solutions differ in the way in which the functionality of the
two feed streams and the recirculation loop are utilised. A simple
criteria identifies which case is appropriate to a given circumstance.
Conditions for which the optimised reactor design are locally stable
are established.

In their generalised formulation the problem considered by Hill
and Robertson [27] appears as a special case. As the specified degree
of conversion decreases the approach of Harman et al. produces opti-
mised cascades with significantly lower volumes than that of Hill
and Robinson [27].

2. Model equations and summary of results for a single
reactor

In Sections 2.1 and 2.2 we provide the dimensional and dimen-
sionless model equations for a n reactor cascade. In Section 2.3 we
state some results for a Contois process in a single reactor [3].

2.1. The dimensional model

The model equations for a n reactor cascade without recycle are

ds; 1

Vidftl =F(Si_1 = 5;) - aM(Si,Xi)ViXi, (1)
dX;

Vigr = F(Xi_1 = Xi) + (S, Xp)ViX; — VikaX;, (2)

Specific growth rate

oy MmaxSi
XD = e (3)
Residence time
V.
7= F’ (4)

where i (1 < i < n) denotes the ith reactor in the cascade. The units
that the concentrations of the substrate species, S, and the microor-
ganisms, X, are measured in are denoted by |S| and |X| respectively.
The parameters in the model are: F, the flowrate through the reac-
tor cascade (dm3 h—1); K;, the saturation constant (|S]1X|~1); S;, the
substrate concentration within the ith reactor of the cascade (|S|);
So, the concentration of substrate flowing into the first reactor of
the cascade (|S]); V;, the volume of the ith reactor of the cascade
(dm3); X;, the concentration of cell-mass within the ith reactor of
the cascade (|X]); Xp, the concentration of cell-mass flowing into
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the first reactor of the cascade (|X|); kg, the death coefficient (h—1);
t, time (h); o, the yield factor (1X||S|~1); u, the specific growth rate
model (h™1); tmax, the maximum specific growth rate (h~1); and
7;, the residence time within the ith reactor of the cascade (h).

For a specific wastewater, a given biological community and a
particular set of environmental conditions the parameters K, kg,
and [4max are fixed. The parameters that can be varied are Sy, Xo and
7.

In our numerical simulations we use parameter values for the
anaerobic digestion of ice-cream wastewater [10]. These are: Ks =
0.4818 (gCOD) (gVSS)~1, kg = 0.0131 (day!), o = 0.2116 (gVSS)
(gCOD)~, fimax = 0.9297 (day~1).

In Egs. (1) and (2) it is assumed that the yield coefficient is
constant. Extensions of this model in which the yield coefficient
is assumed to be a linear function of the substrate concentration
(o = g + BS) have recently been investigated [33,34].

2.2. The dimensionless model

By introducing dimensionless variables for the substrate con-
centrationin the ith reactor of the cascade [S} = S;/So], the cell mass
concentration in the ith reactor of the cascade [X; = KsX;/So] and
time [t* = (umaxt] the dimensional model, Egs. (1) and (2), can be
written in the dimensionless form

des = g iml T g X4 ST
dax; = l(xf - X))+ XiSi — kX (6)
de- ~ i T AT X sy T e

1

where the parameter groups are: the dimensionless substrate
concentration in the feed [S§j = 1]; the dimensionless biomass con-
centration in the feed [X* = XyK;/Sp]; the dimensionless decay rate
[k} = kq/max], the dimensionless yield coefficient [o* = Ksa] and
the dimensionless residence time [t} = V;ftmax/F]. All parameters
in the model are strictly non-negative.

From now on we assume that the growth medium fed into the
bioreactor is sterile, i.e. there are no microorganisms in the influent
(Xo =X = 0), and that S§ > 0.

For the anaerobic digestion of ice-cream wastewater we have
o* = 0.1019 and k; = 0.0141.

2.3. Summary of results for a single reactor

The steady-state solutions in the first reactor of the cascade,i = 1
in Egs. (5) and (6), are given by

Washout branch
No-washout branch,

a*
SEXH) = —(1 +kits, =1+ (1 = k¥)T3),
(S, X7) = S (1 + KT, =1+ (1= kD) ®
A=+ kr)lo" =1+ (1 - k)7l

The no-washout branch is only physically meaningful when the
substrate and cell-mass concentrations are positive (S; > 0, X} >
0). This happens when

-1+(1-kj)t7 >0,

which requires that 0 < k% < 1. Henceforth we assume that this
condition holds. The washout branch is stable when the no-
washout branch is not physically meaningful (z7 < 1/(1 - k})). The
washout branch is unstable when the no-washout branch is physi-
cally meaningful (z; > 1/(1 - k})). The no-washout branch is stable
when it is physically meaningful.

A transcritical bifurcation occurs when the residence time takes
the value

1

=17 =——.
1 tr *
1-k;

At this value of the residence time the washout solution branch
intersects the no-washout solution branch [(§*, X*) = (1, 0)]. For
the anaerobic digestion of ice-cream wastewater we have 7}, =
1.01, which corresponds to 7 = 1.091 day = 26.164 h.

Consider a cascade of n reactors of equal residence time having
a total residence time of ;. Then the residence time in each reactor
is 7/ /n. It follows that when

n

i< 1-k;
washout occurs throughout the cascade. We call the value

_ n
-1k

X
Tt

the washout point.
3. Results

The assumption that there is no recycling in the cascade means
that the process variables in the first reactor (Sq, X1) are indepen-
dent of the process variables in all other reactors and that the
process variables in the ith reactor (S;, X;, i # 1) depend only upon
those in the preceding reactor (S;_1, X;_1 ). This significantly simpli-
fies the study of system (5) and (6).

In Section 3.1 we show that, provided that washout does not
occur in the first reactor, the system has a unique steady-state solu-
tion and give the steady-state values of the substrate and cell-mass
concentrations in the ith reactor of the cascade. In Section 3.2 the
steady-state solution is shown to be locally stable.

In Sections 3.1 and 3.2 the residence time’s in each reactor are
arbitrary. In Sections 3.3-3.5 we assume that the residence time
in each reactor of the cascade is equal and treat the total resi-
dence time of the reactor as the primary bifurcation parameter.
In Section 3.3 we provide asymptotic solutions for the substrate
and cell-mass concentrations in the first four reactors of a cascade
at large residence times. In Section 3.4 asymptotic solutions are
presented for residence times just higher than the washout point
(7 = (n/(1 = k))).

In Section 3.5 we discuss steady-state diagrams for the effluent
concentration leaving the cascade. We investigate the performance
of a cascade of two, three and four reactors as a function of the
total residence time inside the cascade. We also consider the perfor-
mance of a cascade of two and three reactors in which the residence
times inside each reactor are optimised to minimise the effluent
concentration at a specified total residence time. The performance
of these optimised cascades is compared against that of reactor
cascades in which the residence times in each reactor are equal.

3.1. Steady-state solution

The steady-state solutions in the ith reactor of the cascade (i > 1)
are found by solving the algebraic equations

157X = 0 =50 - ez ysr =0
1 1 1
9)
S o, KIST
257, X) = ?(Xi—l _Xi)+X,-+S?‘ - kX =0.
1

1
By considering the expression
g(S*, X¥)
fs1 X0+ =25~ 0

*
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we deduce that
S =A; - BX},

where the coefficients A; and B; are defined below. Substitution of
this expression into either of the equations in (9) shows that the
cellmass concentration X? satisfies the quadratic equation

0=aX;" +bX! +c, (10)

and is given by

—b; + +/b? — 4a;c;
Xt — ' Vi T (11)
t 2a,~
The coefficients in the preceding three equations are
X
Ai=S + 21,
_ o
1+ k5T
iz g
a; = (Bi — Dk4TF +Bi(1 - tf) - 1,
by = (1-B)X¥ | +Al(1 - k)T - 1],
Ci= AiX,.’i] .

’

Thus the solution of the steady-state Eq. (9) is given by
(57, X;) = (A = BX}, X)). (12)

We show in Appendix A that the solution corresponding to the
choice of the positive square root in Eq. (11) is not physically
meaningful as either the substrate concentration (S}) or the cell
mass concentration (X) are negative. However, the solution cor-
responding to the choice of the negative square root is physically
meaningful; both the cell mass and substrate concentrations are
positive. Thus, given that washout does not occur in the first reactor,
the solution in each reactor in the cascade is unique.

Note that even if the residence time in the ith reactor is smaller
than the washout condition (7 < ) then washout does not occur
in the ith reactor because biomass from the (i — 1) th reactor flows
into the ith reactor. And by assumption washout does not occur in
the first reactor.

3.2. Stability of solutions

The Jacobian matrix for a n-reactor cascade is given by

L 0 0 0
B, b 0 O
] = 0 33 _’3 0

0

This matrix has size 2n x 2n. The blocks B; and J; each have size
2 x 2 and are defined by

1
= 0,
T.
Bi= ' 1 ’
" T
1 1 X 1 s?
po| TSy XSy
' x:* ~1-kyT sy ’
[ S— " +
(X7 +51) T (X7 +S:)

and O represents the zero matrix of size 2 x 2. We establish in
Appendix B that the Jacobian matrix has two eigenvalues associated
with each block J;. The block J; has two eigenvalues with negative
real parts when (Section 2.3)

7 > 1/(1 - k).

The Jacobian matrix J; (i > 2) can be re-written as

11 X 1 s?
po| TSy wogesy
X X X1
X +5)° s XT

in obtaining this expression for J;(2, 2) we have used the fact that

along the no-washout branch

-1-Kif _ B
T Xi+ 57

St Xii1

* * 7
X T

which follows from Eq. (6). The eigenvalues of the 2 x 2 matrix J;
have negative real parts when the determinant (det]) and trace of
J; (trace]) are positive and negative respectively. We have

2
1 1 X X3Sx X* 1
det/=| S+ - —F1— ( “2+)1<_*17
T X +S)) X +55) i T
2 2
X 15
(X7 +S:)> @ (X +Sr )
2
X SEXH X
trace]:7l*7 1 i i _ 1—1l

Towesy oSy XE

The trace of the Jacobian is negative and the determinant of the Jaco-
bian is positive for all physically meaningful solutions (X} > 0 and
S; > 0). Consequently, provided that washout does not occur in the
first reactor, the steady-state solution of the cascade is locally stable.

3.3. Large residence time approximations

In this section we provide large residence approximations to the
concentrations of substrate and microorganisms inside the first four
reactors of a cascade of n reactors. We denote by 7} the total res-
idence time in the cascade. We assume that the residence time in
each reactor of the cascade is equal, therefore 7 = 7} /n.

At large values of the cascade residence time (z;) we have the
approximations

* 1 1 1 1
Siv o 40— ), Xival—+0( — ), (13)
11—k 7 T kT T
2
no* 1 1
SS~c| —= ] —5+0 )
’ (1’<d) 7’ (rf)
n 21 1
Xs~ady( ) —5+0(— |, (14)
ki) T
no* } 1 1
o
St~c30 | —— —+0 s
’ <1—’<2§> T (r;““)

3
n 1 1
X; %O{d3d2 (k*) - +0 < *4> s (15)
d/ T 2
net \* 1 1
Si~cyc36 ——~ ) —+0| — ),
) 4”<1’<E) 7 <rz’“‘)
n * 1 1
XZ ~ adydsd; <k*> A +0 ( *5> , (16)
d/ Tt Tt
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where the coefficients ¢; and d; are given by

a*k; +1- k;

2= ke +1
*2 *2 ok [o% * *
e = Kk ot k(1= k) + 1 -k
a? ks + ok + 1
o ok’ + ok (1 k) +orks(1— k) + 1 -k
(1 + k)1 + o ky)
_ arky+1 -k
2 1k
27 42
g Ok ek -k +1 -k

(ks + 1)(1 —k3)
i ks + ok (1 - k) + k(1 — k) + 1 - ks
4 (1 — k@ ke + ok +1) '

Egs. (13)-(16) show that the substrate concentration leaving a n-
reactor cascade (S}) is proportional to (1/r;‘") (n=1,2,3,4).1tis
conjectured that this holds for any n. Should this be true then, at
sufficiently large total residence times, the addition of an extra reac-
tor reduces the effluent concentration by a multiplicative factor of
(1/73). Egs. (13)-(16) give the dimensionless substrate and cell-
mass concentrations in the first four reactors of a cascade. These
expressions hold for any value of n. Thus, for example, substitu-
tion n = 10 in these gives the concentrations in the first through to
fourth reactor of a ten-reactor cascade. As n increases the substrate
concentration leaving a particular reactor increases as the residence
time in that reactor decreases.

3.4. Residence time approximations near the washout point

In this section we provide approximations for the concentra-
tions of substrate and cell mass inside each reactor in a cascade of n
reactors (n = 1, 2, 3 and 4) when the total residence time is slightly
higher than the washout point (7} = (n/(1 — k%))). Thus we seek an
approximation near the value

- 1 €

,:q+ﬁ, €>0.

For small values of the parameter € we have the approximations

(1-k%) e €\2 € €\?2
i1 o)) sk ao(f) o
1—k* 1/2 1/2
21 () o ()
o n n
1/2
* . 1‘*‘1/2 E) (E)
X5~ (1-ky) (n +0(+), (18)
1 — k)\1/4 1/4 1/2
sy~ _¥(5> +o(f) :
o n n
1/4 1/2
* e 1+1/4 E E)
X5~ (1-k3) (n> +o(n , (19)

N

1 - k:\1/8 1/8 1/4
1 UK eyie eyt

o* n

e\ 1/8 e\ 1/4
x*~(1fk;;)”1/8(ﬁ) +O<E) . (20)

Consider a cascade of n reactors operating at a residence time
slightly higher than that corresponding to washout through the
cascade (7} = 1/(1 - k3) + €/n). Expressions (17)-(20) show that
as € increases from zero the effluent concentration decreases much

w
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Fig. 1. Effluent concentration (S;) in a cascade of n reactors of equal residence time.

more sharply as the number of reactors increases. This can be seen
visually in Fig. 1. As in Section 3.3 these expressions hold for any
value of n.

3.5. Steady-state diagrams

Fig. 1 shows the effluent concentration (S;;) leaving a cascade
of n equal reactors as a function of the total residence time in
the cascade for the cases n=1, 2,3 and 4. In each case three
regions of behaviour can be identified. When the total residence is
lower than the washout point (7} = (n/(1 - k%))) washout occurs in
each reactor in the cascade. The effluent concentration is therefore
the same as the pollutant concentration entering the first reac-
tor in the cascade (S} = 1). In the second region, in which 0 <
¢ —(n/(1 - k3)) <« 1, the effluent concentration decreases rapidly
with small increases in the total residence time. This region is
increasingly noticeable as the number of reactors in the cascade
increases. In the third region the substrate concentration decreases
much more slowly as the residence time increases. In this region
comparatively small decreases in effluent concentration require
considerable increases in total residence time. If the required degree
of process efficiency lays in the third region, large residence times
will be required. The figure shows that at a total residence time
7/ = 7 the effluent concentration leaving a single reactor can be sev-
eral orders of magnitude higher than that leaving a reactor cascade
consisting of two, three and four reactors.

The behaviour at sufficiently large residence times is governed
by the equations given in Section 3.3. These equations indicate
why the performance of the reactor only increases marginally with
increases with total residence time in this region. For instance,
for a single reactor the effluent concentration at large residence
times is inversely proportional to the residence time. For a four-
reactor cascade the effluent concentration, at large residence times,
is inversely proportional to the fourth power of the residence time.
The effluent concentration leaving a four-reactor cascade at a total
residence time 7} =7 is S} =2.21 x 107>, To achieve the same
effluent concentration in a cascade of three, two and one reac-
tors requires total residence times of t* = 11.69, 1} = 44.51 and
T = 4678.9 respectively.

Fig. 1 shows that there is a range of residence times over which
the performance of a cascade decreases as the number of reactors
in the cascade is increased. Table 1 shows the residence time above
which a cascade with i reactors has a lower effluent concentration
than a reactor cascade with j reactors (i > j). Thus, for example, the
effluent concentration leaving a three-reactor cascade is lower than
that leaving a two-reactor cascade provided that the total residence
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Table 1
The residence time above which a reactor cascade of i reactors has a lower effluent
concentration than a reactor cascade of j reactors (i > j).

1 2 3 4
2 2.20 x = =
3 3.07 3.25 x -
4 4.06 410 427 x

time satisfies 7; > 3.25. The existence of such a ‘transition point’
is a consequence of the fact that the washout point of a cascade
increases with the number of reactors in the cascade.

In Fig. 1 the residence time in each reactor of the cascade was
assumed to be the same. However, for a fixed total residence time
such areactor configuration may not minimise the effluent concen-
tration. In Fig. 2 the effluent concentration leaving a double reactor
cascade is determined as a function of the residence time in the first
reactor; the total residence time in the cascade is fixed to 7} = 7.
In this figure the limits 7 = 0 and tj = 7 correspond to the ‘degen-
erate’ case in which the two reactor cascade consists of a single
reactor having a residence time tj = 7. As the residence time in the
first reactor increases from zero we see that the effluent concentra-
tion initially increases: the performance of the cascade is inferior
to that of the single reactor. The reason for this is that whilst the
value of the residence time in the first reactor is lower than the
washout condition for a single reactor (7 < t;, = 1.01) an increase
in the residence time in the first reactor reduces the operational
residence time of the second reactor. As soon as the residence time
in the first reactor exceeds the washout value a small increase in its
value causes the effluent concentration to rapidly decrease.

Around the optimal design point of a double-reactor cascade the
effluent concentration is a very flat function of the design param-
eter (7). Small variations in the value of the design parameter
around the optimal value therefore have a very small influence
upon the effluent concentration. The reactor with equal residence
times in each reactor (77 = 3.5) is within the ‘flat’ region. Con-
sequently there is very little improvement to be had, at a total
residence 1} =7, by optimising the reactor design compared to
having two reactors of equal residence time. In Fig. 2 the efflu-
ent concentration is minimised when 5 = 4.007, which gives t5 =
2.993 and is S5 = 1.11 x 10-3. However, when there is a equal res-
idence time distribution, 7} = 75 = 3.5, the effluent concentration
isS; =1.14 x 103

We have determined, for a fixed total residence time, the min-
imum effluent concentration that can be obtained by optimising

o
o
¥}

0.015

o
o
=

0.005

Dimensionless effluent concentration (S,)

0 1 2 3 4 5 6 7
Dimensionless residence time in the first reactor (1'1*)

Fig. 2. Effluent concentration (S;) as a function of the residence time in the first
reactor (7;) of a two reactor cascade. Parameter value: total residence time, 7; = 7.
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Fig. 3. Effluent concentration (S;;) in a cascade of n reactors of equal residence time
(7:1,*) (curves a,band d) and in an optimised reactor of n reactors of unequal residence
time (curves c and e).

the design of a cascade of two or three reactors. This data is
shown in Fig. 3 where it is compared against the effluent con-
centration leaving a cascade of one, two and three reactors having
equal residence times in each reactor. For example, at a fixed total
residence 7; = 7 the effluent concentration from a triple cascade
is minimised when 7} = 3.02564, 75 = 2.01023 and 7} = 1.96413:
53 =1.19x 10—“. The effluent concentration from a triple reactor
with equal residence times is S5 = 1.31 x 10—“. At small residence
times, the effluent concentration leaving an optimised reactor cas-
cade can be substantially lower than that leaving a cascade with
equal residence times. This is most noticeable in parameter regions
in which the reactor configuration with equal residence times oper-
ates in a state of washout whereas the optimised configuration
operates in a state of no-washout. Fig. 3 shows that as the total res-
idence time becomes larger the reactor configuration with equal
residence times converges towards the optimised configuration.

4. Discussion

There are a number of definitions which are used to charac-
terise the steady-state performance of a continuous flow bioreactor
processing industrial wastewaters [35]. The results stated in this
section only apply when the no-washout branch is physically mean-
ingful, that is when

1

— > 0.
1k

T > T =
The specific utilisation (¢/), which is also known as the process
loading factor, the substrate removal velocity and the food to
microorganism ratio, is the rate of substrate utilisation per unit
mass of microorganisms. For the first reactor in a cascade, or for
a single reactor, it is defined by

So—S1

U‘l = X ?.

The dimensionless specific utilisation (/%) is given by
1-5*1

The dimensionless specific utilisation in the ith reactor of a cascade
is given by

mzwl

1 * * °
X T



ML.I Nelson, A. Holder / Chemical Engineering Journal 149 (2009) 406-416 413

Table 2
The total residence time in a cascade of n reactors to achieve an efficiency of 99%,
99.9% and 99.99%.

& n=1 n=2 n=3 n=4
99% 11.25 3.19 3.23 4.07
99.9% 104.27 7.41 4.31 4.28
99.99% 1034.48 21.37 7.55 5.38

Using system (9) this expression can be simplified to

k* 1 X
d i—1
=2 — | 1- .
MT o* + Oé*‘L'i* ( Xl.* )

We now assume that the residence times in each tank are equal
and given by t; = t;/n, where n is the total number of tanks in the
cascade. For the first reactor we have the exact expression

k(’; n
T oty

U

For the second and third tanks in the cascade we have the asymp-
totic expressions

ke u2; 1\?
U= T e T tO = ) -
aki+1-ky T T}

arky u3; 1\°
M;' = 21,42 N + * +O<T) )
ar kz +(1—kd)kl*10t*+1 —k; T T
B n(2 — ki + 2k%or )k
T (ke )1 -k + ke )
3 [(1 — k(2K 0 +3ark; +2) + 3k o + 4k’ + 3kier + 1no ke

u21

(1 +ak:)(a? k;z +(1—kyarks +1— k;)z(l ks +ar k;z)

Along the no-washout branch we have the requirement that 0 <
k% < 1 and thus the coefficients u2; and u3; are positive. It follows
that the specific utilization in the second and third reactor is asymp-
totically a decreasing function of the residence time. Furthermore,
in the limit of infinite residence times it follows that

Ur(Tf = 00) > Up(Tf = 00) > Us(T} = o0).

The treatment, or process, efficiency (&,) of a n-reactor cascade
measures the percentage of substrate that has been removed by
the cascade. It is defined by

So — Sn
So

& =100

In dimensionless variables this is
& =100(1-S5;)

Using Eqgs. (13)-(16) we see that at large residence times the effi-
ciency is given by

n
no* 1
& =100 1—1'[’?_c,-(*) n>,
! ( SU\1-k ) T

where n =1, 2, 3, 4. Thus as the residence time approaches infin-
ity the efficiency of the process approaches 100. However, the
approach to 100 is faster as the number of reactors in the cascade
(n) increases.

To illustrate the rapid increase in efficiency with the number of
reactorsinacascade Table 2 shows the total residence time required
to achieve efficiencies of 99%, 99.9% and 99.99%. At first sight the
results for an efficiency of 99% seem surprising as the two reactor
cascade outperforms both the single reactor and all other cascades.
The reason for this can be gleaned from Fig. 1. The required value

of the total residence time for a double-reactor cascade, 73(&* =
99)satisfies

27 < 15(& =99) < 31},

where 7/ is the value of the residence time at the transcritical bifur-
cation in a single reactor. For a cascade of n reactors the no-washout
branchis only stableif t* > nt;.. Thus, with the efficiency set to 99%,
the two-reactor cascade will outperform any cascade with three, or
more, reactors.

The remaining results shown in Table 2 show that the total res-
idence time to achieve a given efficiency decreases as the number
of reactors in the cascade increases. However, at an efficiency of
99.9% the decrease in total residence time obtained going from a
three reactor cascade to a four reactor cascade is insignificant: the
difference in dimensionless residence time of 0.03 corresponds to
a decrease of residence time of approximately 46 min.

The rate of waste treatment in a n-reactor cascade is defined by

So — S,
Wi = 20— on
Tt
In dimensionless variables this is

1-5;
W=

Using Eqgs. (13)-(16) we see that at large residence times the effi-
ciency is given by

1 1
Mg7+o 1+n ’
Tt T}

i.e. it is independent of the number of reactors in the cascade.

5. Conclusion

We have investigated a bioreactor model for the interaction
between a microorganism and a rate-controlling substrate in a
reactor cascade. The specific growth rate used was the Contois
expression with the addition of a microorganism decay coefficient.
In recent years this biochemical model has found application in
describing the treatment of wastewater from a variety of indus-
trial processes. This is the first study to analyse the treatment of
such wastewaters in a reactor cascade. The results obtained here
were illustrated by considering the anaerobic digestion of ice-cream
wastewater, using kinetic values from [10].

Provided that washout does not occur in the first reactor of the
cascade then there is a unique steady-state solution in each reactor
of the cascade. An expression for the steady-state biomass and sub-
strate concentration in reactor i of a cascade was found, it depends
upon the corresponding values in the previous reactor. This solu-
tion was shown to be stable. The steady-state solution and stability
were determined for an arbitrary residence-time in each reactor.
For a cascade in which the residence time in each reactor are iden-
tical washout occurs throughout the cascade whenever the total
residence time, 7}, satisfies the inequality

< n
P < —.
1- k;

Asymptotic solutions were obtained for the effluent concentra-
tion for values of the residence time slightly larger than t* =
(n/(1 - k%)). These show thatin this region of parameter space small
increases in the total residence time lead to a a dramatic decrease in
the value of the effluent concentration Asymptotic solutions were
determined in the limit of high residence times. These suggest that
at sufficiently high residence times the effluent concentration in
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a n-reactor cascade decay like 1/7*". This result shows the strik-
ing decrease in effluent concentration obtained by adding an extra
reactor onto a cascade whilst fixing the total residence.

We have investigated minimising the effluent concentration by,
at a fixed total residence time, optimising the residence time in each
reactor. At sufficiently high total residence times the performance of
a cascade with equal residence times in reactor converges towards
that of an optimised reactor cascade. However, at lower residence
times there can be a substantial difference in effluent concentra-
tion leaving an optimised reactor configuration and one with equal
residence times in each reactor. This difference is more noticeable
as the number of reactors in the cascade increases.

Assuming that the residence time in each reactor was equal we
evaluated three performance characterisations of continuous flow
bioreactors: specific utilisation, treatment efficiency and the rate of
waste treatment. At a fixed total residence time the use of a reactor
cascade generally improves the treatment efficiency, an improve-
ment of several orders of magnitude is possible. However, as shown
in Table 2, it is possible that increasing the number of reactors in
a cascade does not decrease the total residence time required to
achieve a specified treatment efficiency.

As we were able to obtain an explicit representation of the
steady-state solution, our results can be used to quickly determined
the total residence time required in a cascade of n reactors to obtain
a pre-determined treatment efficiency.
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Appendix A. Steady-state analysis

Here we show that the solution of Eq. (11) in the second reac-
tor of a cascade (i = 2) is only physically meaningful (S5 > 0 and
X5 > 0) when the negative square root sign is taken. In doing so
the only property of S5 and X; that we use is that they are posi-
tive.

The steady-state equations for the concentrations inside the
third reactor of a cascade (i =3) are identical to those of the
second reactor in the cascade except that the all indices have
increased by one. It immediately follows that the physically mean-
ingful steady-state solution in the third reactor, and hence any
reactor in the cascade, is given by the negative square root in Eq.
(11).

In Section A.1 we state some preliminary observations. In Sec-
tion A.2 we establish the desired result for the non-degenerate case
with g; = 0. In Section A.3 we show that the steady-state solution
is physically meaningful in the degenerate case that a; = 0.

A.1. Preliminaries

From Egs. (12) and (11) we have

—b; + \/b% — 4ayc;
el Vi i i (21)

i 2a,~ ’

., . biBi_Biy /b? — 4aic;
Sf=Ai+—F —F7——. (22)
! 2a; 2a;

To establish the positivity of the solutions it is useful to reformu-
late Eq. (11) as a quadratic equation in the substrate concentration
(57) rather than the cellmass concentration (X;). The steady-state

solutions can then be written in the equivalent form
oo AioSi
=7E

2
0= aiS;f + qlS;‘ + 1,

—q; £ /q? — 4a;r;
sfﬂzu’ (23)

! 2a;
/2
ka:l A.Jrﬂ;M (24)
! B; ! 2q; 2a; ’

The coefficients in the preceding equations are

X*
Ai=Si 1+ Z;l ’

B, — 1+ Ii:;r;"

a; = (B — kit +Bi(1—77) — 1,

qi = —2A;(1 + k;f’*) —Bi(1 - Bi)X;il +AiB,'[(1 - ,(Z)'Cl* -1)
Ti :AiB,'X;l] —Alz(l + kZ'L',*)X

Comparing solution (21) with solution (24) we establish that taking
the positive (negative) square root sign in Eq. (21) corresponds to
taking the negative (positive) square root sign in Eq. (23).

A.2. Positivity of the steady-state solution (a; # 0)

Consider the coefficient ¢;. We have

*

AKX, = (14 S
G=AX, =0+ Xy,

*

4 K
C2—(]+a*)x1 >0,

asbydefinitiona* > 0and by assumptionX; > 0.Thuswhena; < 0
Eq.(21) has two real solutions: a positive solution, corresponding to
the choice of the negative sign in Eq. (21), and a negative solution,
corresponding to the choice of the positive signin Eq. (21). We show
shortly that when a; > OEq. (21) has two positive solutions and that
the solution of interest corresponds to the choice of the negative
sign in Eq. (21).
Consider the coefficient r;. We have

*

X;

= ABX;  — A1+ kit = (57, + D1+ kT,
X*

ry =—(S + 071)(1 +kit3) <0,

as by definition o* > 0, k; > 0, ;" > 0 and by assumption 57 > 0
and X; > 0. It now follows that when g; > 0 Eq. (23) has two real
solutions: a positive solution, corresponding to the choice of the
positive sign in Eq. (23), and a negative solution, corresponding to
the choice of the negative sign in Eq. (23).

We now eliminate the possibility that either Eq. (10) or Eq. (23)
has complex solutions. Consider Eq. (10). It appears that complex
solutions may occur when a; > 0. However, when a; > 0 we know
that Eq. (23) has two real solutions for S} and through Eq. (24) there
are two real solutions for X;. Hence Eq. (10) always has two real
solutions and similarly for Eq. (23).

The question now arises as to the physical interpretation of
the two positive solutions for Eq. (10) when g; > 0. We know that
when g; > 0 Eq. (23) has two solutions, one negative and one pos-
itive. The negative (positive) solution corresponds to the negative
(positive) square root sign in Eq. (23). Therefore when a; > O the
physically meaningful solution corresponds to the choice of the pos-
itive square root sign in Eq. (23) which, by the comment at the end
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of Section A.1, corresponds to the choice of the negative square root
sign in Eq. (21).

We therefore conclude that, for any value of a;, a; # 0, the choice
of the negative square root in Eq. (11) gives a physical meaningful
solution (S} > 0, X! > 0) whilst the choice of the positive square
root in Eq. (11) gives a physical unmeaningful solution with one
negative concentration.

A.3. Positivity of the steady-state solution (a; = 0)

In this section we show that the solution of Eq. (11) is positive
in the degenerate case when g; = 0.
After some algebra the coefficient g; can be written in the form

Lz + DI kT - (1 - 0],

(1,':—7
o

The coefficient g; is therefore equal to zero when either 7} =
—-1/kj <0or ¥ =(1-0a*)/(1 - k}). From now on we assume that
0 < a* < 1. After some algebra the steady-state solution pair is
given by

ol - kerSy XS
(- ark)XE |+ (1 -k Sy
. 1-k;
P —arkX (1K aSy

1

(@St +X:,)>0,

as by definition 0 < k% < 1and by assumption0 < &* < 1,0 < §f ,
and 0 < X7 .

Appendix B. The eigenvalues of the Jacobian matrix J

Here we establish the result that the Jacobian matrix J has two
eigenvalues associated with each block J;. To show this we write the
Jacobian block J; in the form

],: ]l(]vl) 11(1,2)
=\ 122

The Jacobian matrix for a n-reactor cascade can be written as

KD K21 0 0 0 o o
J1(2,1) J1(2,2) 0 0 0 0
Lo pameen o 0 o
2
o L penpe2 o o 0
J= 2 .
0 o L 0 B2 0
3
0 0 o L pen B2 o
.
. .

The eigenvalues of the Jacobian J are found by solving the equa-
tion

Expanding along the front row we obtain

0=[h(1.1)~A]
J1(2,2) -2 0 0 0 0 0
0 LLD-A 1) 0 o o
1 R2.1) h@2-r 0 o o
7
X 0 l* 0 J3(1,1) =2 J5(1,2) 0
T3
0 0 1 B21) 2.2 - 0
T3
0
M2 0 0 0 o o
1 pan-a peo 0 o o
2
0 (2,1)  L(2,2)-2 0 0 0
h12)| 0 = 0 BILD-A K12 0
3
0 0 1 B2 J2.2) % 0
L)
0

We now expand both of the determinants in the previous equation
along the first row. Factorising the resulting expression we obtain

.]2(151)_)" ]2(251) 0 0
JACR AR SR 0
= 0 BLDA (12 0
X 3
0 = B2 B2k 0
3
0

The equation
0=[h(1,1)=Alh(2,2) - 2] - J1(1, 2)1(2, 1)

is the characteristic equation for the Jacobian blockJ;. Observe that
the structure of the determinant in Eq. (26) is identical to that in Eq.
(26): all that has changed is that the indices have increased by one.
It follows by induction that the eigenvalues of the Jacobian matrix
J are those of the constituent blocks J;.

L, -2 J1(2,1) 0 0 0 0 0
L2, 1) J(2,2)-2 0 0 0 0 0
=t 0 RLD-A b1 0 o o

)

1
0 — 2,1 2,2)—A 0 0 0
det]= 'L'; ]2( ) ) ]2( ) ) —o. (25)
0 0 l* 0 J3(1,1) =2 J5(1,2) 0
73
0 0 0 1 32,1)  J3(2,2)—=% 0
)
0
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